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Abstract. Sufficient conditions for the controllability of a conservative reduced system are 
given. Several examples illustrating the theory are also presented. 
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1. Introduction 

The phase space of classical conservative mechanical system is described usually 
by a symplectic manifold (M, u>). The dynamics on M, subject to external forces, 
can often be written in the form of a control system as 

m 

(1.1) x = f(x)+J29i{x)ui, xeM, u={u 1 ,...u m ):R^BcR m , 

i=l 

where 

71 Pi 

is a Hamiltonian vector field on M, {-,-} u is the Poisson bracket given by the 
symplectic form u), n — dimM, B is a bounded set, and u is measurable. 

Assume that on M we have a free proper action of a Lie group G which preserves 
the symplectic form to. If all the vector fields / and gi are G-invariant then they 
induce reduced dynamics on the quotient manifold M/G 

m 

(1.2) x = J(x) + Y,9d^)u l 

i=l 

and the induced vector field / is also Hamiltonian on the reduced Poisson manifold 

(m/g,{,-} m/g ). 

The aim of this paper is to give sufficient conditions for the controllability of 



the system (1.2). We will give topological conditions under which the well known 



sufficient conditions 

(i) / is weakly positively Poisson stable (WPPS) 

(ii) the Lie algebra rank condition (LARC) is satisfied 
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for the controllability of the system (1.2) are satisfied. The result will be applied 



to the motion of three point vortices in the plane, the three-wave interaction, and 
two coupled planar rigid bodies. 

Poisson control systems with symmetry were studied before by Sanchez de Al- 
varez |3(| who started a systematic investigation of the relationship of the control- 
lability between the unreduced and reduced system. In Q she has shown that the 
unreduced control system is locally weakly controllable relative to symmetries if 
and only if the reduced control system is locally weakly controllable. Other results 
concerning different aspects of the relation between the unreduced and the reduced 
control system can be found in Jalnapurkar and Marsden |0|, and Bloch, 

Leonard, and Marsden || . 

The present work was inspired by a very nice paper of Manikonda and Krish- 
naprasad [14] that studies the case M — T*G, with G possibly non compact, but 
g* with closed coadjoint orbits. 



2. Symplectic reduction 

This section quickly reviews some standard results on symplectic reduction nec- 
essary in the subsequent proofs. 

Consider a 2n-dimensional symplectic manifold (M, ui) on which there is a free 
proper symplectic action of a Lie group G. Then the orbit space M/G is a smooth 
Poisson manifold and the projection 



7r:(M,{vU^ (m/G,{-,-} m/g ) 



is a Poisson surjective submersion. If, in addition, the Lie group G is compact then 
tt is a closed proper map (proofs of these statements can be found in e.g. Q, 

Suppose that the G-action on M admits an associated Ad* -equi variant momen- 
tum map J : M — > q* . The Marsden- Weinstein reduction theorem states that if 
/i G Q* is a regular value of J then the smooth quotient manifold M M :— J -1 (fi) /G^ 
is symplectic with symplectic form ui^ characterized by 



where G M denotes the isotropy subgroup of fj, under the coadjoint action, i^ : 
J -1 (/i) — > M is the inclusion, and 7r M : J -1 (/i) — > M M is the projection (for 
a proof, see the original paper J2(J, or 0, @, @). The symplectic manifolds 
(Mfi^uj^) will be called point reduced spaces. 

These point reduced spaces can be understood in a natural way as symplectic 

leaves of the Poisson manifold (m/G, {•, ■} M/cj • Indeed, the smooth map : 

Mfj, — ► M/G naturally defined by the commutative diagram 
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J- 1 (m) 



M 



7T 



M/G 



is a Poisson injective immersion. Moreover, the j M -images in M/G of the connected 
components of the symplectic manifolds (M M , lo^) are its symplectic leaves (see 
org). 

Observe that, in general, is only an injective immersion. So the topology of 
the image of j M homeomorphic to the topology of is stronger than the subspace 
topology induced by the ambient space M/G. This image topology on j^{M^) is 
called the immersed topology. Thus, there may be sets that are compact in the 
immersed topology of j'^(Af^) but are not compact in the subspace topology of the 
same set. 

The proof of the next proposition requires compactness of G. 

Proposition 2.1. Suppose that the free symplectic compact G-action on (M, to) 
admits an Ad* -equivariant momentum map J : M > g*. Then the symplectic 

leaves of (^M/G, {•, - }m/g) are d° se d sets. 

Proof. Since J" 1 (/i) is closed in M and it : M — ► M/G is a closed map (because 
G is compact), the set j'^(M^) = 7r(J _1 (/i)) is closed in the topology of M/G. 
Therefore, the connected components of j^M^), which are the symplectic leaves 
of Mj G, are also closed in the topology of Mj G. □ 

We return now to the general case with G non compact. Up to now we have re- 
garded the symplectic leaves of (m/ G, {•, -} m /qJ as the j^-images of the connected 
components of M^. However, as sets, 

j, (Mfj) = J- 1 (O m ) /G, 

where O m C g* is the coadjoint orbit through \i. The set M 0)i := J -1 (O p ) /G is 
called the orbit reduced space associated to the coadjoint orbit O^. The smooth 
manifold structure (and hence the topology) on Mo is the one that makes : 
M/j, — ► Mq„ into a diffeomorphism. The next theorem characterizes the symplectic 
form and the Hamiltonian dynamics on Me> . 

Theorem 2.2. (Symplectic orbit reduction) Assume that the free proper symplectic 
action of the Lie group G on the symplectic manifold (M, ui) admits an associated 
Ad* -equivariant momentum map J : M — > q* . 

(i) On J~ x (O^) there is a unique immersed smooth manifold structure such 
that 7T0 : J -1 (O m ) — ► is a surjective submersion, where Mq^ is endowed 

with the manifold structure making into a diffeomorphism. This smooth manifold 
structure does not depend on the choice of fi in the coadjoint orbit. If J~ 1 (O p ) is 
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a submanifold of M in its own right then the immersed topology and the induced 
topology on Mq^ coincide. 

(ii) Mq^ is a symplectic manifold with the symplectic form u>* uniquely charac- 
terized by the relation 

t „w = 7r 0( wji +Jo lt u o„> 

where Jq^ is the restriction of J to J -1 «e> t , : J (®n) — * M is the inclu- 

sion, and uJq is the + orbit symplectic form on O^. 

(Hi) Let H be a G-invariant function on M and define H : M/G — > M. by 
H = H o 7r. Then the Hamiltonian vector field Xh is also G-invariant and hence 
induces a vector field on M/G which coincides with the Hamiltonian vector field 
Xjj. Moreover, the flow of X^ leaves the symplectic leaves Mq of M/G invariant. 
This flow restricted to the symplectic leaves is again Hamiltonian relative to the 
symplectic form a;* and the Hamiltonian function Hq^ given by 

Ho, t °7ro t , = H oi 0ft . 

The proof of this theorem in the regular case and when is a submanifold of 
0* can be found in Marie p2| |, Kazhdan, Kostant, and Sternberg |l5[ ], and Marsden 
|23[ . For the general case, when is not a submanifold of g* see the book of 
Ortega and Ratiu |27| . Here is the main idea of the proof. Consider for each value 
fj. 6 g* of J the G-equivariant bijection 

[5, m] h-> g ■ m 

On J _1 (C AI ) consider the smooth manifold structure that makes the bijection s 
into a diffeomorphism. Then J~ 1 (C AI ) with this smooth structure is an immersed 
submanifold of M. 

In the particular case in which J _1 (C M ) is a smooth submanifold of M in its 
own right, its smooth structure coincides with the one induced by the mapping s 
since in this situation this bijection becomes a diffeomorphism. 

If /j, is a regular value of J and is an embedded submanifold of g* then J is 
transversal to O m and hence J _1 (0 /J ) is automatically an embedded submanifold 
of M. 

The following statement will be used in the sequel. 

Proposition 2.3. (Bifurcation Lemma) Let (M,u>) be a symplectic manifold and 
let G be a Lie group acting symplectically on M (not necessarily freely). Suppose 
also that the action has an associated Ad* -equivariant momentum map J : M — ► 
q* . For any m G M, 

(flm)° = range(T m J) 

where g m = {£ £ | £, M (m) = 0} is the Lie algebra of the isotropy subgroup G m = 
{g G G I g ■ m = m} and {g m )° = {m £ 0* I ^\g m = 0} denotes the annihilator of 
0m in 0*. 

An immediate consequence of this is the fact that when the action of G is free 
then every value \x G 0* of the momentum map J is a regular value. 
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3. Controllability and Poisson stability 
Let M be a smooth n-dimensional connected manifold and 

(3.1) x = f(x) + }^gj(x)uj 

i=l 

be a nonlinear control system on M, where /, gi, ...,g m 6 X (M) are smooth vector 
fields on M, the control u := (ui, u m ) : (0, oo) — ► S C R m is a measurable 
function, and B is a bounded subset of R m . We will denote by £ the Lie subalgebra 
of X (M) generated by the vector fields f,gi,.,.,g m , i.e., 

£ := span(f,gi,...,g m ) 



Definition 3.1. The system (3.1 ) satisfies the Lie algebra rank condition (LARC) 



if £ (x) = T X M for every x £ M , where £ (x) := {X x \ X £ £}. 



Definition 3.2. The system (3.1 ) is controllable if for any two points xi, xy 6 M , 
there is a control u which takes the system from point x = Xj at time t = tj to the 
point x = xp at time t — tp, that is, if for a certain choice of the function u there 



is an integral curve x(t) of (3.1) that begins at xj and ends at Xf- 

ft is well known that for a nonlinear control system without drift, i.e., / = 0, 
the (LARC) condition implies controllability. This is Chow's theorem [0. For 
the general case / ^ 0, the situation is more complicated and, in general, (LARC) 
is not sufficient to guarantee controllability. We will review below what is known 
about this case. 

Let X € X(M) be a smooth complete vector field on M and let {$t} tgR be its 
flow. 

Definition 3.3. A point x € M is called positively Poisson stable for X 6 X(M) 
if for any T > and any neighborhood V x of x, there exists a time t > T such that 
$t (x) S V x - The vector field X € X(M) is called positively Poisson stable if the 
set of positively Poisson stable points of X is dense in M. 

Definition 3.4. A point x G M is called a nonwandering point of X G X(M) if 
for any T > and for any neighborhood V x of x, there exists a time t > T such that 

$*O4)ni4^0. 

Let Fx be the nonwandering set of X, i.e., the set of all nonwandering points of 
X. Then we have the following result |18| ], 

Theorem 3.5. The nonwandering set of a positively Poisson stable vector field X 
is the entire M, that is, Tx = M . 



Proof. Let x £ M be given. We want to prove that for any neighborhood V x of x 
and for any T > 0, there exists a time t > T such that $ t (V x ) (1 V x ^ 0. 

Let Sx denote the set of positively Poisson stable points for X £ X(M). By 
definition, the closure of Sx equals to M, i.e., Sx = M ■ This implies that there 
exists a positively Poisson stable point y in V x . Now V x is also a neighborhood 
for y and because y is positively Poisson stable we have that for all T > 0, there 
exists a time t > T such that 4>t(y) S V x . Hence $t(V x ) H V x ^ 0. Thus x is a 
nonwandering point of X . Since x was arbitrarily chosen, it follows that Tx = M, 
as required. □ 
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Positive Poisson stability of a vector field is hence a sufficient condition for the 
nonwandering set to be the entire manifold. Since the converse is not true one 
introduces a weaker definition. 

Definition 3.6. A vector field is called weakly positively Poisson stable (WPPS) 
if its nonwandering set equals M, i.e., Tx = M. 

A natural question is when a vector field on a manifold is weakly positively 
Poisson stable (WPPS). For this purpose we recall two classical theorems. The 
first one is due to Liouville and states that the flow of a Hamiltonian vector field 
necessarily preserves the phase volume defined by the nth power of the symplectic 
form on M, where 2n — dim M. The second theorem is due to Poincare. Let f2 
be a volume form on M and denote by mn the associated Borel measure on an 
arbitrary manifold M. Let X be a complete (time independent) vector field on M 
whose flow {^tjtgg preserves the volume, i.e., = O for all t € M. Suppose A 
is a measurable subset of M with < toq (A) < oo which is also invariant under 
{$ t } tGR , i.e., <&t(A) C A. The Poincare Recurrence Theorem states that for each 
measurable subset B of A with mo (B) > and for any T > 0, there exists some 
t > T such that <3?t (B) n B ^ 0. For the proof of these theorems see, for example 

0, |, |, II- 

An immediate consequence is the following proposition. 

Proposition 3.7. Let (M, f2) be a compact manifold with a volume form f2 and let 
X be a time-independent vector field such that its flow preserves the volume form. 
Then it is a (WPPS) vector field. 

The link between the (WPPS) condition and controllability is given by the fol- 
lowing theorem which is due to Kuang-You Lian, Li-Sheng Wang, and Li-Chen Fu 



18 1 . Earlier versions of this theorem, where the hypothesis required / to be Poisson 



stable, are due to Lorby [EOl and Bonnard 



Theorem 3.8. Suppose that f is a (WPPS) vector field. The system (3.1) is 
controllable if and only if (LARC) holds. 

Now we give the setting for our result. Let G be a Lie group acting freely 
properly and symplectically on a 2n-dimensional connected symplectic manifold 
(M,u>). Suppose that the action admits an associated A<i*-equivariant momentum 
map J : M — ► g*. Consider on M the nonlinear control system 

m 

(3.2) x = X H {x)+J29i( x )^ 

1=1 

where Xh is an Hamiltonian vector field, gi, g m G X (M) are G-invariant smooth 
vector fields and the control u := (iti, u m ) : (0, oo) — > B C M. m is a measurable 



function with values in a bounded subset B of R m . Then the system (3.2) will 
naturally induce the nonlinear control system on (m/G, {•, •J^/g^ 

m 

(3.3) x = Xg(x) + ^g~i (x) u u 

i=l 

where X^ is a Hamiltonian vector field with respect to the Poisson bracket {•, ■} M j G 

and Hamiltonian H given by H = H o 7r where, n : M — ► M/G is the canonical 
projection. 
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Theorem 3.9. Suppose that the system (3.5) verifies (LARC). 

(a) If the momentum map J : M — ► g* is a proper map, then the system (3.5) 
is controllable. 

(b ) If the momentum map is not proper but the Lie group G is compact and if 
there exists a continuous proper map V : M/G — ► R which is constant along the 
trajectories of X^, then the system l \3.5\ ) is controllable. 



Proof. The strategy to prove the controllability of ( |3.3|) i s to show that X^ is 



(WPPS) and then the conclusion follows from Theorem 3. 



(a) As subsets of M/G, the symplectic leaves are M& or, equivalently, j M (M^) 
and the symplectic form is given by a;*. Because J is a proper map, the set 
J -1 (/i) is a compact submanifold of M. Thus is a compact manifold which 
implies that the injective immersion is in fact an embedding. So, the immersed 
topology and the induced topology on Mq coincide and therefore the symplectic 
leaves are compact submanifolds of M/G. 

The flow of Xg leaves the symplectic leaves of M/G invariant. On each such leaf 
the flow of Xfi preserves the symplectic form and so, by Liouville's theorem, it 
also preserves the induced volume form. 

Let Xo be an arbitra ry p oint in M/G. It belongs to a symplectic leaf denoted 
by iu D . By Proposition 3.7, Xq is a nonwandering point for the Hamiltonian vector 
field given by the restriction of X^ to the symplectic leaf L^ . This implies that 
xq is also a nonwandering point for Xjj. As xq was chosen arbitrarily, we obtain 
that Xg is (WPPS). 

(b) For compact G, the coadjoint orbits are submanifolds of g* and J is transver- 
sal to the coadjoint orbits that lie in its image (since by hypothesis, the action is 



free). So J (@n) is a submanifold of M and by Theorem |2.2| (i) the immersed 
topology and the induced topology on Mq^ coincide. 

As before, let xq be an arbitrary point in M/G. It belongs to a symplectic leaf 
denoted by L^ a . Combining the above observation with the result of Proposition 
2.1 we conclude that L^ is a closed submanifold of M/G. If dim L M0 = then, 
because L^ a is connected, it follows that it equals the single point set {xq}. Thus 
xq is an equilibrium of Xjj and so it is a nonwandering point. 

If dim L w > 0, let m Mo be the Borel measure associated to the Liouville volume 
form induced by the symplectic form a;* . Let cq := V(xq). If V (L^) = cq then 
L[t C V^~ 1 (co) and because V~ x (cq) is a compact subset and L^ is closed in M/G, 
we conclude that i Mo is compact. By Proposition 3.7, xq is a nonwandering point. 

The other possibility is that the image of V\l^ q is a non-degenerate connected 
interval I Cl that contains cq. Taking a small interval around cq, [— e + cq, cq + e] 
we have that the flow invariant set K = L Mo n V^ 1 ([— e + cq, cq + e}) is a compact 
subset of M/G because L m is closed and V^ 1 ([— e + c , c + e]) is compact in M/G. 
This shows that m jlo (K) < oo. Also, K contains an open subset of L^, for example 
ViT 1 ((— e + c , c + e)), implying that < m Po (K) . 

Consider now Ux a an arbitrary open neighborhood of xq in M/G. The set KC\Ux 
is a Borel subset of L Mo and because it contains a non-empty open subset of L^, 
for example U Xo (~l V7 1 ((— e + c , c + e)), it follows that m Po (K D Ux ) > 0. By 
the Poincare Recurrence Theorem, for all T > there exists t > T such that 
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$t (K n U~ o J n (K n U So ) 7^ which, in particular, implies that $ t (Z7 £o ) n C/ 5o 7^ 0. 

Consequently, 5?o is a nonwandering point for -X^. 

As before, since Xo was arbitrary in M/G it follows that Xjj is (WPPS). □ 



Remark 3.10. Observe that for the controllability of (|3.3| ) it is not necessary for 
the vector fields g~i £ X(M/G) to be induced by some G-invariant vector fields on 
M. 



Remark 3.11. Under the conditions of the previous theorem, part (b), the system 
given by (3.3) is controllable. If, in addition, the system (3.2) is accessible then 
using a theorem proved by San Martin and Crouch |^9| it follows that (3.2) is 
also controllable. If the hypotheses of the theorem in San Martin and Crouch [^9| 
do not hold, then a possible starting point for studying the relationship between 
controllability of the original and reduced systems is given in Grizzle and Marcus 




4. Examples 

We will illustrate the theory with three examples. In all of them we will use the 
following well known lemmas to prove the properness of the integrals of motion. 

Lemma 4.1. Let f : R" — > R fe be a continuous function. Then f is proper if and 
only if 

lim 11/(1)11 =+00. 
If||-»oo 



Proof. Suppose that / is proper. If limn^n^oo ||/(ie)|| 7^ +00, there exists a sequence 
{x„} ng N and a constant M > such that \\x n \\ — > 00 and ||/(x n )|| < M. Thus 
{^rajneN lies in the inverse image by / of the closed ball of radius M which is a 
compact set in R™ because / is assumed to be proper. Hence {x„} n6 N contains a 
convergent subsequence. However, ||x n || — > 00 which is a contradiction. 

Conversely, assume that limn^n^oo ||/(x)|| = +00 and let K C M fe be a compact 
subset. The set /^(if) is closed since / is continuous. To conclude that / _1 (JsT) is 
compact we shall show that it is also bounded. If not, there would exist a sequence 
{i„}nes C f _1 {K) such that |[i n || — > 00. By hypothesis, — ► 00, which 
contradicts the fact that f(x n ) £ K which is bounded. □ 



Lemma 4.2. Let M, N, P be Hausdorff topological spaces and let f : M — > TV and 
g : N — » P be two continuous functions. If g o f : M —>■ P is proper, then f is also 
proper. 



Proof. Let K C M be a compact subset. Then g{K) is compact in P and hence 
(.9 D^igiK)) is compact in M. Since f~ l (K) C (g o /)- 1 ( 3 (K)) is closed, it 
follows that it is also compact. □ 
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Example 1 . The motion of three point vortices for an ideal inviscid incompressible 
fluid in the plane is given by the equations 



(4.1) 



i—1 
^ 3 

' 27r K X j ~~ x i)/ r t 

i=l 

i¥=3 



where rfj = (x; t — Xj) 2 + (yi — yj) 2 and ri,r2,r3 are non-zero constants, the 
circulations given by the corresponding point vortices. Kirchoff ]l6| noted that 
(4.1) can be written in the form 



dxj_ 
3 dt 

dt 



dH 

dH 

dxj 1 



where 



1 3 

H(xi,x 2 , x 3 ,yi,y 2 ,y3) = -^^2 T i T 3 l °g 



i=l 

is the Hamiltonian and the symplectic form is given by 

3 

(4.2) Q = y^Tjdxj A dyj. 



Consider the diagonal action of SE(2) on (R 2 ) 3 whose associated momentum 
map J : R 6 — > R 3 relative to the symplectic form (4.2) is given by 

( 3 3 3 \ 

i=l i=l 1=1 / 

We will identify K 2 with C and define 

Q := {(u, 0) \ ueC}U {(0, v)\veC}U {(w, w) \ w G C}. 

On the set S = C 3 \Q the action of SE(2) is free and pr ope r. If the vor tex strengths 
Li, L 2 , L3 have the same signs then by applying Lemma L2 and L emm a 4.1 it follows 
that J is a proper map and we are in the first case of Theorem |3.9| . 

The matrix of the Poisson bracket on the reduced space S/SE(2) w T := 
R 3 \({(0, 0, c) I c G R} U {(a, 0, 0) | a > 0}) is 



2a 3 
-2a 3 
2a 2 -2ai+||a|| 



-2a 2 
2ai - Hall 



and the reduced Hamiltonian is 

#(01,09,03) = -^-(rir 2 log((o3 + ||a||)/2)+rir 3 Iog((-a3 + ||a||)/2) 

47T 

+r 2 r 3 iog(-oi + ||a||)). 
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The reduced equations are 

If (12 0,2 

ai = - Tir 2 7 ■ |, I,, - Tir 3 - 



tt V >3 + ||a||) J (-a 3 + ||a||) 

1 f r r (-2ai + Q 3 + ||a||) (2ai + a 3 - ||a||) a 3 

a 2 = — 1 ll 2 7 n h 1 ll 3 7 x hi 2-1-3" 



tt V (03 + ||a||) 1 ° (-03 + N) ' J (-ai + ||a|| 

a 3 = - fr 2 r 37 — - r x r 2 - — - r x r 



tt V °(-«i + l|a||) >3 + ||a||) J (-a 3 + ||a||) 

and consider the reduced controlled system 

ai = —\T\T2- — " - rir 3 - 2 irr ) + "i 

TT V (03 + ||a||) (-03 + H)/ 

1 r (-2ai + a 3 + ||a||) (2ai + a 3 - ||a||) g 3 \ , 

a 2 — -I ill 2 7 v hill 3 7 \ h 1 2l 3T \ + U2 

tt V (a 3 +||a||) (-a 3 + ]]a[[) (-ai + ||a||)/ 

a 3 — - M-2I37 - 1 1I27 ; ~ 1 1 1 37 r + ^3, 

tt V (-01+H) (03 + H) (-as + IHDy 

where the control u := (ui,U2,u 3 ) : (0,oo) — > B C R 3 is a measurable function 
with values in a bounded subset i? C K 3 . 

It is easy to check that the vector fields X^, t^-, g^-, verify (LARC) and 
as a result of Theorem |3^ (a), we conclude that the reduced system above is 
controllable. 



Example 2. The next example will be the resonant three-wave interaction. This 
is a Hamiltonian system with the phase space P = R 6 = C 3 , equipped with the 
symplectic structure 

3 1 

3=1 s ^ 

where Si,S2,s 3 G { — 1,1} and 71,72,73 G K are parameters subject to the con- 
straint 71+72 + 73 = 0. We will restrict our attention to the particular case where 
(si,s 2 ,s 3 ) = (1,1,1) and (71,72,73) = (1,1,-2). 

In standard coordinates on C 3 the Hamiltonian is given by 

H(z 1 ,z 2 ,z 3 ) = -■^{z 1 z 2 z 3 + Z1Z2Z3). 

This Hamiltonian is invariant under the action of the compact Lie group G = 
S 1 x S 1 on P given by 

(e <9l ,e*) • ( Zl ,z 2 ,z 3 ) = (e-^z ll e-' l ^ +e ^Z2,e-^Z2), sC Q j < 2tt. 

The momentum map for this action is J : P — > g* = M 2 

J(Z 1 ,Z2,Z 3 )=(^(\Z 1 | 2 + |Z 2 \ 2 ,\(\Z1 ?-\\^ I')- 

In order to have a free action we have to remove certain points from the phase 
space P and replace it with P = C\{0} x C x C\{0}. 
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The matrix of the Poisson bracket on the reduced space P/G ~ Q 



x(0,oo) 2 



IS 






1 


— E 

a 


oE 
z fc 


-1 





<± 

a 


-2^ 
L b 


£ 

a 


_ 9 

a 








-2 £ 


9 2 
- b 









and the reduced Hamiltonian is 

H(q,p, a, b) = —abq. 
The reduced equations of motion are 



(4.3) 





qpb _ 


qp a 


q = 




a 


b 


p = 


—ab — 


q 2 b 
a 


a = 


—pb 




b = 


2pa. 





A constant of motion for the system (4.3) is given by the function V : Q 
V(q,p,a,b) = q 2 +p 2 



a" + b 2 which is proper by Lemma 4.1 
Consider now the following reduced controlled system 



q = 



qpb _ 2 qpa 

a b 



(4.4) 



b = 



—ab 
—pb 
2pa - 



q 2 b 
a 



Ul 

q 2 a 



U 2 



where the control u :— (u±, U2, U3) : (0, 00) — > B C M 3 is a measurable function with 
values in a bounded subset B. A short computation shows that the vector fields 
{d/dq,d/dp,d/db, [d/db, [d/dp,Xjj\]} at every point x £ Q generate the tangent 
space T X Q, which prov es that the system ( 4.4) verifies (LARC). Applying now the 
result of Theorem |3.9| (b), we obtain that (4.4) is controllable. 



Example 3. We will study the controllability of the reduced system of two coupled 
planar rigid bodies. We take the description of the system given in Q. After the 
reduction to the center of mass frame we have the configuration space S 1 x S* 1 
with the diagonal action of S 1 . The phase space is T*(S 1 x S 1 ) with the canonical 
symplectic form of a cotangent bundle. The momentum map for the lifted action 
of S 1 is given by 

J{{Ql,fJ>l),(02,fJ>2)) = Ml +^2- 

Following Krishnaprasad and Marsden |L7| the reduced Poisson space is 



P-^T^S 1 xS^/S^S 1 xR 2 
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and if we chose coordinates [6, fit, H2) on P the matrix of the Poisson bracket is 
given by 






-1 


1 


1 








-1 









The reduced Hamiltonian is given by the formula 



1 



where A = hh - e 2 {\{9)) 2 > and 

di distance from the hinge to the center of mass of body i = 1, 2 

9 joint angle from body 1 to body 2 

A(<9) eW 2 cos0 

mi mass of body £ = 1,2 

e m\mil{yn\ + m 2 ) = reduced mass 

Ii moment of inertia of body i about its center of mass 

Ii Ii + edf , i — 1 , 2 (augmented moments of inertia) . 



To apply Theorem 3.9 we need to show that H is a proper function. To do this, 
we need the following lemma. 

Lemma 4.3. Let f : K — > K and g : M n — > K be two continuous functions, where 
K is compact and g is a proper function. Then the function h : K x W 1 — > M given 
by h{x,y) :— f{x)g{y) is a proper function. 



Proof. We shall prove that /i -1 ([a, b]) is compact in KxW 1 . Let z n := (x n ,y n ) be an 
arbitrary sequence in /i _1 ([a, 6]). Since K is compact, we can assume that {x„} ne N 
is convergent. Because {f{x n )g{yn)}n&i C [a, b] and {/(x„)}„ e N is bounded, the 
sequence {g(y n )}neN is also bounded and hence there are a', b' G M such that 
{g{yn)}nG'N C [a',b']. Therefore {y n }neN C g _1 ([a',6']) which is a compact set in 
K™ because g is a proper function. Consequently there is a convergent subsequence 
of {y n }n£N- The corresponding subsequence of {z„}„ 6 n is convergent which proves 
that /i _1 ([a, b]) is compact. □ 



To apply this lemma we write H in the form 
Since 



CONTROLLABILITY OF REDUCED SYSTEMS 
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the smooth change of variables (8, m,(i2) >-* (8, X, Y), where 

X := \J hfJ-i 1=^2 



transforms H to the function ^ (X 2 + Y 2 ) with 1/2 A defined on S 1 . This function 
is proper by Lemma 4.1 and Lemma [4.3| . Thus H is a proper integral of motion for 
the reduced system. 

Now we consider the following reduced controlled system 

■ dH dH 



Ul 



dH 
dH 

where the control u :— (u%, U2, U3) : (0, 00) — > B C M 3 is a measurable function with 
values in a bounded subset B. It is easy to see that the vector fields Xjj, J^, 



verify (LARC) and as a result of Theorem 3.9 (b), we obtain that the reduced 
controlled system above is controllable. 
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